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Abstract 

In their book Rapoport and Zink constructed rigid analytic period spaces T wa for 
Fontaine's filtered isocrystals and period morphisms from moduli spaces of p-divisible 
groups to some of these period spaces. They conjectured the existence of an etale 
bijective morphism T a — > T wa of rigid analytic spaces and of interesting local systems 
of Qp-vector spaces on T a . For those period spaces possessing period morphisms de 
Jong pointed out that one may take T a as the image of the period morphism, viewed 
as a morphism of Berkovich spaces, and take the rational Tate module of the universal 
p-divisible group as the desired local system on T a . In this article we construct for 
Hodge- Tate weights and I an intrinsic Berkovich open subspace of T wa through 
which the period morphism factors and which we conjecture to be the image of the 
period morphism. We present indications supporting our conjecture and we show that 
only in exceptional cases our open subspace equals all of T wa . 
Mathematics Subject Classification (2000): IIS20, (14G22, 14L05, 14M15) 



Introduction 

Rapoport and Zink fix an F-isocrystal (D,ip£>) over Fp lg and consider the partial flag variety 
J- over Kq := VF(Fp lg )[|] parametrizing nitrations of D with fixed Hodge- Tate weights. 
They show that the set of weakly admissible nitrations is a rigid analytic subspace (^ i,a ) ri s 
of IF, which is called the period space; see [281 Proposition 1.36]. They conjecture the 
existence of an etale morphism (F£) vlg — > (jF™ a ) ng of rigid analytic spaces which is bijective 
on rigid analytic points, and of a local system of Q p -vector spaces on (Fg) rie such that at 
every point [i of (F{f) vls the fiber of the local system is the crystalline Galois representation 
corresponding by the Colmez-Fontaine Theorem ^2] to the filtration on (D,(pu) given by 
the image of /i in (F™ a ) ng . We recall the precise formulation of the conjecture and the 
definition of (jF^ a ) ng in Section ^ De Jong [22] pointed out that to study local systems it 
is best to work in the category of Berkovich's i<fo- ana lytic spaces rather than rigid analytic 
spaces. For convenience of the reader we review Berkovich's definition and the relation with 
rigid analytic spaces in Appendix We show that in fact (^° a ) n g i s the rigid analytic 
space associated with an open i^o-analytic subspace T™ a of T (Proposition ll.3j) . 

If the Hodge- Tate weights all are or 1 we present in this article an open .Ko-analytic 
subspace JF£ of T™ a whose associated rigid analytic space (F£) ng is a candidate for the 

*The author acknowledges support of the Deutsche Forschungsgemeinschaft in form of DFG-grant 
HA3006/2-1 
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space searched for in Rapoport and Zink's conjecture. The construction of is as follows. 
With any analytic point \i of 3F (these are the ones of which .fTo-analytic spaces consist; 
see Definition lA.lj) we associate in Section |1] a 99-module over E$J ig and we let T% 

be the set of those [i for which is isoclinic of slope zero. The ring Bj ig is defined in 
Section [2 and the notion of </?-modules is recalled in Sectional Our construction is inspired 
by Berger's [I] construction which associates with any rigid analytic 'point fj, € J- (the ones 
whose residue field H(fJ>) is finite over Kq) a (99, r)-module over the Robba ring. Due to 
the restriction to rigid analytic points Berger's approach works even without the above 
assumption on the Hodge- Tate weights. However, the techniques we use in Section |S] where 
we prove that is an open ifo-analytic subspace of T require in an essential way to work 
with i^o-analytic spaces, which are topological spaces in the classical sense, and not rigid 
analytic spaces. Namely we show that the complement J- \ f% is the image of a compact 
set under a continuous map (Theorem l5.2j) . It is worth noting that this crude map is in fact 
only continuous and not a morphism of /fo-analytic or rigid analytic spaces. We also show 
that only in rare cases the inclusion C T™ a is an equality (Remark 15. 5|) . The fact that 
this inclusion may be strict was noted in [2Hj and |22] as a peculiarity. We give a natural 
explanation for this phenomenon. 

For Hodge- Tate weights and 1 Rapoport and Zink also study a period morphism from 
the moduli space A4 an of p-divisible groups with additional structure to T™ a . The problem 
to determine the image of this period morphism was already mentioned by Grothendieck |19j . 
We prove in Section that the period morphism factors through our set J-?. We conjec- 
ture that J-i is its image and, moreover, that (^) rig and the rational Tate module of the 
universal p-divisible group over .M an are the space and the local system searched for in 
the conjecture of Rapoport and Zink. We present our motivation for this conjecture in 
Section [Tj The fact that the inclusion c T™ a may be strict while it induces a bijec- 
tion on rigid analytic points by the Colmez-Fontaine Theorem ^2] again demonstrates the 
necessity to work with Berkovich's A'o - an aly t i c spaces instead of rigid analytic spaces. 

To end this introduction let us mention that the ideas in this article are inspired by our 
analogous theory in equal characteristic [21. where we were able to prove the analogue of 
the Rapoport-Zink Conjecture and the surjectivity of the period morphism onto Ti. In the 
beginning we had hoped to be able to extend our approach here also to Hodge- Tate weights 
other than and 1, but we did not succeed. Not even the construction of the <p- module M M 
over Bj ig , let alone the openness result could be established along this line. The reason lies 
in the fact that for analytic points fx G T whose residue field H(/u) is not finite over Kq the 
ring Bj. is not a 7Y(/i)-algebra (like Fontaine's field B^r is not a C p -algebra). So Berger's 
construction could not be adapted. 

1 The Conjecture of Rapoport and Zink 

In this section we explain the construction of Rapoport and Zink's p-adic period spaces and 
their conjecture mentioned above. Let us first recall the definition of filtered isocrystals. 
We denote by Fp lg an algebraic closure of the finite field with p elements and by Kq := 
VF(Fp lg )[i] the fraction field of the ring of Witt vectors over Fp lg . Let ip = VF(Frob p ) be 
the Frobenius lift on Kq. 

Definition 1.1. An F-isocrystal over Fp lg is a finite dimensional i^o _vec tor space D 
equipped with a 93-linear endomorphism ipo. If K is a field extension of Kq and FU'Dk 
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is an exhaustive separated decreasing nitration of Dk '■= D ®k q K by -fT-subspaces we 
say that D = (D,(Pd,FU°Dk) is a filtered isocrystal over K. The integers h for which 
Fil~ h Dx / Fil~ h+1 D K are called the Hodge-Tate weights of D. We let t N (D) be the 
p-adic valuation of det(pu (with respect to any basis of D) and we let 

t H (D) = i ■ dim K gr FU . (D K ) . 

The filtered isocrystal D is called weakly admissible 1 if 

t H (D) = t N (D) and t H (D') < t N (D') (1.1) 

for any subobject D' = (D', <{>d\d'i Fil'D' K ^ of D, where D' is any (^-stable .K"o-subspace 
of D equipped with the induced filtration Fil'D' K on D' K := D' ®k K. 

To construct period spaces let G be a reductive linear algebraic group over Q p . Fix a 
conjugacy class {//} of cocharacters 

/i : G m — > G 

defined over subfields of C p (the p-adic completion of an algebraic closure of Xo)- Let i£ be 
the field of definition of the conjugacy class. It is a finite extension of Q p . Two cocharacters 
in this conjugacy class are called equivalent if they induce the same weight filtration on 
the category RepQ p G of finite dimensional Q p -rational representations of G. There is a 
projective variety T over E whose C p -valued points are in bijection with the equivalence 
classes of cocharacters (from the fixed conjugacy class). Namely let V in RepQ p G be any 
faithful representation of G. With a cocharacter /i defined over a field K one associates the 
filtration FU^Vk '■= ©j>j Vk,j of Vk '■= V ®Q P K given by the weight spaces 

Vkj '■= { v G Vk '■ M z ) " v = z3v f° r an z £ G m (if) } . 

This defines a closed embedding of T into a partial flag variety of V 

T <^-» ^MV)®^, (1.2) 

where the points of J-lag(V) with value in a Q p -algebra -R are the nitrations -F 1 of V ®q p -R 
by i?-submodules which are direct summands such that rk/j grp. is the multiplicity of the 
weight i of the conjugacy class {/i} on V. 

Now let b G G{Kq). For any V in RepQ p G one obtains an F-isocrystal 

A pair (//, 6) with a cocharacter /i : G m — > G defined over .fT D i^o and an element 
b G G(Kq) is called weakly admissible if for some faithful representation V in RepQ p G the 
filtered isocrystal 

2T(V) : = (V® Qp K ,b-<p,FillV K ) 

is weakly admissible. In fact this then holds for any V in RepQ p G; see j2SJ 1.18]. If (/i, 6) is 
weakly admissible and K/Kq is finite then the filtered isocrystal X(V) is admissible, that is 

lr This used to be the terminology until Colmez-Fontaine |12| showed that for K/Kq finite weakly admis- 
sible implies admissible. Since we consider also infinite extensions K/Ko for which the Colmez-Fontaine 
Theorem fails we stick to the old terminology. 
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it arises from a crystalline Galois-representation p : Gal(ivT als / K) — * GL(U) via Fontaine's 
functor 

D cris (C/) := (U ® Qp B cris ) Gal ^ alg ^) 

which by the Colmez-Fontaine theorem ^2] is an equivalence of categories from crystalline 
representations of Gal (K S /K) to weakly admissible filtered isocrystals over K. The as- 
signment 

RepQ p G — > (Q p vector spaces) , V h- ► J7 (1-3) 

defines a fiber functor on RepQ G. 

Let -E = -E-Ko be the completion of the maximal unramified extension of E. In what 
follows we consider cocharacters \i defined over finite extensions K of E. Let .F" 8 be the 
rigid analytic space over E associated with the variety f = T ®e E. Rapoport and Zink 
define the p-adic period space associated with (G, b, {//}) as 

(jtwayig ._ | ^ G ^rig . ^ y ^ weaMy admisgible } _ 

They show that (^° a ) ri g i s an admissible open rigid analytic subspace of T ng ; see |251 
Proposition 1.36]. Namely they reduce to the case where 6 is decent with integer s, that is 
for some positive integer s and some cocharacter sv : G m — > G defined over Kq 

6-p(6)-... = 

(In fact is the s-fold multiple of the slope cocharacter v; see (2H1 1.7].) If b is decent with 
integer s then (^" a ) n s has a natural structure of rigid analytic subspace of (J 7 <£>e E s ) rig 
over £ s = E W(Fp»)[i] from which it arises by base change to E 1 . Rapoport and Zink make 
the 

Conjecture 1.2. (JH1 P- %9]) There exists an etale morphism (^?) ng — > (^ ua ) n s of rigid 
analytic spaces over E which is bijective on (rigid analytic) points and there exists a tensor 
functor from Kepq p G to the category Op -Loc ^„^ Tig of local systems of Q p -vector spaces on 

{J-^) rig with the following property: 

For any point /i € {JFF a ') Tls {K') with K/E finite, the fiber functor which associates 
with a representation in RepQ p G the fiber at [i of the corresponding local system 
is isomorphic to the fiber functor hl.'J\) . 

(1.4) 

The notion of local systems of Q p -vector spaces on rigid analytic spaces was studied by 
de Jong [22, §4] who pointed out that this is best done working with Berkovich's ^-analytic 
spaces rather than rigid analytic spaces. So let .F an be the ^-analytic space associated with 
the variety T . See Appendix [X] for the notion of E-analytic space and the relation with 
rigid analytic spaces. 

Proposition 1.3. There exists an open E-analytic subspace T^ a of f 3 * 1 whose associated 
rigid analytic space is the period space (^" a ) rig . 

Proof. From its construction in Proposition 1.34] the period space (^"™ a ) n g possesses 
an admissible covering {X" g }j £ N by admissible subsets X" g C F" ng such that ^F ng \ X* lg is 
a finite union (J - Sp-Bjj of affinoid subdomains and X" g C X"^. The X™ s correspond to 
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open S-analytic subspaces Xi := JF an \ \J. A4(Bij) of Moreover, it follows from |2*51 

Proposition 1.34] that the closure Aj of Aj in .F an is a finite union of i?-affinoid subdomains 
and Xi C Aj + i. Thus the union f ™ a := (J igN Aj is an open ^-analytic subspace of JF an 
whose associated rigid analytic space equals ^ wa y i s_ (Use [HI Lemma 1.6.2] to see that 
the Grothendieck topology induced from T™ a on { /x G .F™ a : 7i(fi)/E is finite} coincides 
with the Grothendieck topology of (^ a ) rig .) □ 

After recalling some of Fontaine's rings and some facts on (^-modules in the next two 
sections we will construct in Sections 0] and [5] for Hodge- Tate weights and 1 an open 
^-analytic subspace of T™ a such that (T£) ng is a candidate for the space searched for 
in Coniecture 11.21 

Let us also mention the following fact for local systems on an E'-analytic space X. 

Proposition 1.4. (\2"A Theorem 4-2}.) For any geometric point x of X there is a natural 
Qp-linear tensor functor 

w s : Q p -Loc x -> Rgp Qi; (vrf (X,xj) 

which assigns to a local system V the ^(A, x) -representation Vx- It is an equivalence if X 
is connected. 

Here Rep^ (71"^ (A, x)) is the category of continuous Q p -linear representations of the 
etale fundamental group ^(A, x) of A which was defined by de Jong 22 . 



2 Fontaine's Rings 

We recall from Colmez |11| some of the rings used in p-adic Hodge theory. Let Ok be a 

complete valuation ring of rank one which is an extension of Z p and let K be its fraction 

field. Let v p be the valuation on Ok which we assume to be normalized so that v p (p) = 1. 

In p-adic Hodge theory it is usually assumed that Ok is discretely valued with perfect 

residue field. However, in Section 0] we need the more general situation introduced here. 

Let C be the completion of an algebraic closure A alg of K and let Oc be the valuation 

ring of C. For n G N let be a primitive p n -th root of unity chosen in such a way that 
( £ (n+i)) P = £ (n) for all n We define 

E+ := E+(C) := { x = (x^) neNo : G O c , = } . 

Fix the elements e := (l,^ 1 ),^ 2 ', . . .) and W := e — 1 of E+. With the multiplication 
xy := (^ (n) y (n) ) neNo , the addition x + y := (lim m ^ 00 (x( m+n ) + y {m+n) ) pm ) neNo , and the 
valuation ve(x) := v p (x^), E + (C) becomes a complete valuation ring of rank one with 
algebraically closed fraction field, called E := E(C), of characteristic p. Next we define 

A+ := A+(C) := W(E+(C)) and 

A := A(C) := W(E(C)) the rings of Witt vectors, 

B+ := B+(C) := A+(C)[J] and 

B := B(C) := A(C)[i] the fraction field of A(C). 



2 FONTAINE'S RINGS 



6 



By Witt vector functoriality there is the Probenius lift ip := PF(Frob p ) on the later 
rings. For x G E(C) we let [x] G A(C) denote the Teichmiiller lift. Set 7r := [e] — 1. If 
x = Si>-ooP l [ x «] e A(C) then we set Wk(x) := min{t>E(xj) : i < k}. For r > let 

£(o,r] . = A(°' r ](C) := { a; € A(C) : lim Wjfc(x) + f = +oo } , 

fc— >+oo 

g(0,r] := B(°< r '](C) := A(M(C)[i], 
Bt := Bt(C) := (J B^' (C) . 

0<r 

One has A+(C) C A^C) for all r > 0. On B^C) there is a valuation defined for 
v (0,r] ^ ._ min | Wfc ( x ) + £ . fcgg} - m i n { v E (xi) + £ : ieZ}. 

Now one defines Bl ' r l (C) as the Frechet completion of B(°' r l (C) with respect to the family of 
semi- valuations v^ s ' r \x) := mm{v^ ' s \x),v^°' r \x) } for < s < r. This means in concrete 
terms that a sequence of elements x n E B^' r \C) converges in Bl 0,r ](C) if and only if 
lim^oo v^ s ' r \x n+ i — x n ) = +oo for all < s < r. Also if r > s we let B' s ' r l(C) be the 
completion of B(°' r ](C) with respect to v^ s ' r \ We view B]°' r l(C) as a subring of B 7 (C) for 
any closed subinterval I C (0, r]. If I =]0, r] or 7 = [s, r] the functions 

oo 

/<: B^](C) — > E(C) defined by x= £ (2.1) 

extend by continuity to B^(C) and for any x € B^(C) the sum ES-oo converges 
to x in B r (C); see [2H 2.5.1]. Let 

B r f ig := Bt ig (C) := \JB^(C) . 

r>0 

The morphism (p extends to bicontinuous isomorphisms of rings B>°' pr \C) — > B>°' r \C) 
and B^ ps ' pr \C) -» B>> r ](C) defining an automorphism of bJ^(C). The rings Bl ' r ](C) and 

Bj ig (C) were studied in detail by Berger §2] who called the first B^ g p l ^ pr instead. 
Note that the ring Bj ig (C) is denoted r^ con by Kedlaya 

There is a homomorphism 9 : B( 0,1 ](C) — > C sending ES>-oo ^ M to Ei>-oo^ 4x i'°^ 
which extends by continuity to B^'^C). The series 

t ■= log[e] = E^i^^ e BM(C) 
generates ker#. Let 

B+ is := B+ is (C) be the p-adic completion of B+(C)[^ : w £ ker 0, n G N] and 
B cr i s := B cris (C) := B cris (C)[A]. 

The morphism 93 extends to endomorphisms of B+ is (C) and B cr i s (C). Let 
B+ := B+(C7) := f| ^B+ S (C) . 

neNo 

One easily sees that B+ g (C) C B]°' r l(C) for any r > 0. More precisely, B^(C) equals the 
p-adic completion of B^ g (C)[||y] and is hence a flat B^ g (C)-algebra. 
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3 (^-Modules 

Let K and C be as in the previous section. To shorten notation we will drop the denotation 
(C) from the rings introduced there. We recall some definitions and facts from Kedlaya |24| . 
Let a be a positive integer. 

Definition 3.1. A ip a -module over Bj ig is a finite free Bj ig -module M with a c/2 a -semilinear 

map ifM ■ M — > M such that the image of (fM generates M as Bj ig -module. The rank 

of M as a Bj ig -module is denoted rkM. A morphism of tp a -modules is a morphism of the 

underlying Bj ig -modules which commutes with the </?m's. We denote the set of morphism 
between two (/? a -modules M and M' by Hom^a (M, M'). 

The category of (^"-modules over B^ ig possesses tensor products and duals. For a positive 
integer b there is a restriction of Frobenius functor [b]* from (/j a -modules over Bj ig to Lp ah - 
modules over Bj ig sending (M, </?m) to (M, ^m)- 

Example 3.2. Let c,d?Z with d > and (c, d) = 1. Define the (/9 a -module M(c, d) over 
Bj ig as M(c, d) = 0f =1 Bj ig ei equipped with 

m( e i) = e 2 , ••• , VM(e d _i) = e d , p M (e d ) = p c e x . (3.1) 

Lemma 3.3. Lemmas 4-1-2 and 3.2.4]) The ip a -modules M(c,d) over Bj ig satisfy 

(a) M(c,d) v M(-c,d) and 

(7>J [d]*M(c,d) ^ M(c,l) ed . 
Definition 3.4. For a (/2 a -module M over Bj ig we define the set of <p a -invariants as 

H° a (M) := { x € M : ^ M (x)=x}. 

It is a vector space over H° a (M(0, 1)) = W (¥ p a)[p- 1 }; use |H Proposition 3.3.4]. We 
have Hom^(M,M') = H° tt (M v ® M') for ^-modules M and M' over Bj ig . 

Proposition 3.5. ([24, 4-1-3 and 4-1-4]) The ip a -modules M(c, d) over Bj ig satisfy 

(a) Hom (pa (M(c,d),M(c / ,d')) 7^ (0) if and only if c/d>c'/d'. 

(b) H° a (M(c,d)) 7^ (0) if and only if c/d < . 

Proposition 3.6. If c> then the Lp a -module M(— c, 1) over Bj ig satisfies 

c-1 

H° (M(-c,l)) = {^p c ^pV^(N): %...,^iGE,^)>0}. 

vez i=o 

Proof. One easily verifies that the series on the right converges (even in B ' 7 "] for all r > 0) 
and is a (^-invariant of M(— c, 1). 

Conversely let x £ Bj ig satisfy x = p _c (/7 a (x). There is an r > with x € Bl '^. Let 
fi : B ' r ] — > E be the functions from Q2.1j) which satisfy x = ]C£-oo P l [fi( x )]- The relation 
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x = p c ip a (x) yields fi(x) pa = /j_ c (x). So x is determined by xj := fj(x) for j = 0, ... , c— 1. 
Since x G Bl 0,r ] we must have limj_^_ 00 ti(°' r l (p*[/j(x)]) = oo. For % = j — kc we compute 

v (0 ' r] {p%(x)}) = t*(/i(x)) + i = ^e(^-) + ^ 
and so we must have ue(xj) > for all j. □ 
For (/? a -modules over E$J ig Kedlaya proved the following structure theorem. 

Theorem 3.7. ( \24\ Theorem 4-5.7]) Any ip a -module M over Bj. g zs isomorphic to a 
direct sum of (p a -modules M(cj,dj) /or uniquely determined pairs (Q,dj) up to permutation. 
It satisfies A d M ^ M(c, 1) w/iere c = ^ c, and J = rkM = ^di. 

Definition 3.8. If detM := A rkM M ^ M(c, 1) we define the degree and the weight of M 
as degM := c and wtM := 

Proposition 3.9. Lemma 3.4.9]) Every ip a -submodule M' C M(c, d)® n over Bj ig 

safe/ies wt M' > wt M(c, d)® n = § . 

Let us end this section with a remark on radii of convergence. Let IVL 10 '^ be a free 
B^l-module and for < s < r let Ml ' 5 ! := M) ^ ®g ]0 ,r] t Bl°' s l be obtained by base 

change via the natural inclusion t : Bl ' 1 "] <^-> B]° ,s ] . Let further 

be an isomorphism. We say that a (^"-module (M, </?m) over B^ ig is represented by the pair 
(Ml^.vfi^) if (M, m ) = (MlM ® So , p] B r t. g ,^- a ] ® id). 

Proposition 3.10. IfM. is represented by (Ml 0,r l , <^f P ') i/ien 

H° a (M) = {xGM^: ^^(x®^ 1) =x<g> t l}. 

Proof. The inclusion "D" follows from the inclusion M]°' r l C M. 

To prove the opposite inclusion "C" let x G H° a (M). Since Bj ig = 1J S>0 Bl ' s l there 

exists a < s < r with x G Ml°' s ] . Choose a BJ°' r l-basis of Ml ' 1 "] and write x with respect to 
this basis as a vector v = (t>i, . . . ,v n ) T G (B]°' s ]) ffin . Let A G GL n (Bl ' rp ~ a l) be the matrix 

by which the isomorphism ip^f p ^ acts on this basis. The equation x = </?m(^) translates 
into A~ l v = (p a (vi), . . . , ip a (v n )) T . Thus if s < rp~ a we find tp a (vi) G B^ '^, whence 
Vi G W°' spa }. Continuing in this way we see that in fact v t G B^l, that is x G Ml°' r l □ 

4 Constructing ^-Modules from Filtered Isocrystals 

In the situation where the Hodge- Tate weights are and 1 we will associate with any analytic 
point \i G J- an a (^-module M M over Bj ig (C) where C is the completion of an algebraic closure 

oiTi(fi). In case 7i(fj,)/E finite this construction parallels Berger's construction 4 §11] that 
works for arbitrary Hodge- Tate weights and even produces an '"H(/x)-rational" version of 
M^. We begin with the following 
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Proposition 4.1. Let N be a ip-module over Bj ig represented by a free Ejl ' 1 ! -module N"! ' 1 ! 

and an isomorphism </? N ' P ' : N^ ' 1 ! <8>gjo,i] Bl°' p ^ ► n]°>p 1 ]. £ e £ 1% 6e a C-subspace 

of Wn ■= N"! 0,1 ] ®g]o,i] g C. Then there exists a uniquely determined ip-submodule M C N 

over Bj ig with tNcM which is represented by a B^ ' 1 ] -submodule iN^ ' 1 ! C Ml 0,1 ] C Nl ' 1 ! 
such that 

M ]O ' 1] ®g]o,i],0<? = W M 

inside Wn- 

Proof. If J is a closed subinterval of (0,1] set N 1 := N^ ' 1 ] <g>g ]0 ,i] B ' Also if I = [s,r] 

we let pi := [ps,pr]. The isomorphism V?n ' induces an isomorphism : N p ^ <8>g p i 

B J > N J . Let I n := [p~ n ~ l ,p~ n ] for n£% We define M' /o as the preimage of Wm 
in N /o under the canonical morphism N /o — > N*° 8>gr e C = Wn and we let M 7 ° be the 

intersection of M //f » with (p^ lj> ~ 1] (M ,I ° <g>g, ^ B^' 1 ^) inside N^ -1 * -1 ], that is M /( » 
equals 

ker ^ M ' /0 <^-» N^'P" 1 ! — » Nl* , " 1 *" 1 ]/¥^~ 1,p ~ 1] (M //o ® g/0iV1 Bb'" 1 J'" 1 ])). 

bmce B /o is a principal ideal domain by [2U Proposition 2.6.8] we see that M 7 ° is a free 
B /o -submodule of N /o of full rank. For n > 1 we define M /n as the image of M /o ®g/ „ B In 

under the isomorphism ipjg o . . . o ip^ : N /o <X>g/ „ B In — — ► N /n . In the terminology of 

Kedlaya [2H §2.8] the collection M 7 ™ for n G No defines a vector bundle over 

BR 1 ! w hich by 

|24l Theorem 2.8.4] corresponds to a free Bl 0,1 J -submodule M^ ' 1 ] of N^ ' 1 !. By construction 
tJ\r]o,i] jy[]o,l] anc [ 1 restricts to an isomorphism on Ml 0,1 ]. This makes M : = 

m! 0,1 1 <S>g] ,i] Bj ig into a (/j-module with the desired properties. Clearly Ml ' 1 ! is uniquely 
determined by the subspace Wm C Wn and the requirements that iNl 0,1 l C M^ ' 1 ] C Nl 0,1 ! 
and ip^ (M^ 1 - 1 ®g/ n _ 1 ^ B In ) = M 1 " . □ 

Now assume that K is a (not necessarily finite) extension of Kq. Let {D,<p£>) be an F- 
isocrystal over Fp lg and let Fil°D K be a iC-subspace of D K = D ® Ko K. Let Fil~ l D K = 
D K and Fil x D K = (0) and D = (D,(p D ,Fil*D K ). We set C-l ' 1 ] := D ® Ko B^ and 
(D.^d) := (D,tp D ) <g> Ko Bt g . 

Definition 4.2. We let M(Z)) be the (/9-submodule of D over Bj ig represented by the B' ' 1 ]- 
module Ml ' 1 ] with Ml ' 1 ! ®& O , 1]0 C = i.Fil Q D K )® K C inside D c = D-l - 1 ] <g>g ]0jl] e C whose 
existence was established in Proposition 14.11 

Unfortunately we do not know how to construct MfP) for filtered isocrystals D with 
Hodge- Tate weights other than and 1. Therefore we cannot make D \— > M(-D) into a 
tensor functor and so we cannot use Berger's argument Theoreme IV. 2.1] to prove the 
next theorem. 

Theorem 4.3. degM(Z)) = t N (D) -t H (D). 

Proof. By the Dieudonne-Manin classification |2S] there exists an .F-isocrystal (D',(po') 
over Fp g of rank one with <p£>i = p tN ^—).(p which is isomorphic to det(D, (pp). So by 
construction degD = tj^{D_). Moreover, 

dim c (D] o ' 1 ]/M] o ' 1 ])®g ]o , 1] C = dim c (D K /Fil°D K ) ® K C = -t H (D)- 
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The theorem is thus a consequence of the following lemma. □ 

Lemma 4.4. Let Mi and M 2 be ip-modules over Bj ig represented by B^ ' 1 ! -modules Mj ' 1 
Assume that M ] °' 1] D Mj 0,1 ' D iM?' 11 . 77i. 



en 



degM 2 - deg Mi = dim c (M ] 1 °' 11 /M 1 2 °' 1] ) ® &0A]fi C . 

Proof. Clearly the equality holds for M 2 = tM 1 = Mi <g> M(l, 1) since deg tMi - deg Mi = 
rkMi. We claim that it suffices to prove the inequality 

deg M 2 - deg Mi > dim c W (4.1) 

where we abbreviate W := (M^'^/M^ ' 1 ') (8>g]o,i] e C. Indeed we apply the inequality to 
the two inclusions Mi D M 2 Z> iMi and M 2 D iMi D iM 2 and conclude using the exact 
sequence of B 0,1 ]-modules 

_^ Mf-U/tMi ' 11 — M ] ?' 1] /tM ] ?' 1] — > M^/M?' 11 — > 0. 

To prove the inequality (|4,lj) we argue by induction on dimc-W. Let dime W = 1. 
Since det Mi D det M 2 we know that deg M 2 > deg Mi from Proposition 13.51 If we had 
degM 2 = deg Mi then M 2 = Mi by |H Lemma 3.4.2]. So degM 2 -degMi > 1 = dim c W 
as desired. 

Let now dime W > 1 and choose a C-subspace W 1 of dimension 1 of W. By Propo- 
sition 14.11 there is a unique Bj ig -submodule M 2 C M3 C Mi corresponding to W. By 
induction degM3 — deg Mi > dim.c(W/W') and degM 2 — degM3 > dime W' proving the 
lemma. □ 

If K/Kq is finite one can check that M(.D) equals the ip- module over Bj ig constructed 
by Berger [IJ §11]. One of Berger's main theorems is the following criterion. 

Theorem 4.5. fOJ §IV.2j) Let K be a finite extension of Kq. Then D is admissible if 
and only ifM(D) ^ M(0, l)© dimZ \ 

Let us make explicit what happens otherwise. 

Proposition 4.6. Assume that t N (D) = t H (D). Then M(D) ^ M(0, 1)® dimD if and only 
if for some (any) integer e > (dimD) — 1 there exists a non-zero x G H^ e ([e]*D (8> M(l, 1)) 
with 6((p$(x)) e (FiPD K ) ® K C for all m = 0, . . . , e - 1. 

Note that D can be represented by (D ®k &°' r \ b-ip) for arbitrarily large r > 0. Hence 
by Proposition 13.101 the element x actually belongs to D ®k B°' r l and the expression 
0(pj){x)) makes sense. 

Proof. Let M(D) p M(0, l)© dimD and let e > (dim£>)-l be any integer. By Theorems IP 
and 13.71 there is a c/?-module M(c, d) over bJ- with c < and d < dimD which is a 
summand of M(_D). Thus by Proposition 13.51 there exists a non-zero morphism of tp- 
modules / : M(-l,e) M(c,d) C M(D) C D. Let e 1} ...,e e be a basis of M(-l,e) 
satisfying (|3.1j) and let x be the image of ei in D under /. Then (p^(x) = p x, that is 
x G H° e ([e]*D <g> M(l, 1)). Moreover, /(e m+ i) = <p^(x) in D for < m < e. Now the fact 
that the morphism / factors through M(_D) amounts by Proposition 14.11 to 9{jp^{xy\ G 
(Fil°D K ) ® K C. 
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Conversely assume that for some integer e > (dim D) — l there exists a non-zero element 
x in H° e ([e]*D <g> M(l,l)) with 9(<ffi(x)) € {Fil°D K ) ® K C for all m = 0, . . . , e - 1. 
Define the non-trivial morphism of ^-modules / : M(— 1, e) — > D by /(e m +i) := ^d( x ) f° r 
< m < e. Since € (FU°Dk) ®k C the morphism / factors through MQ}) by 

Proposition O By Proposition Q03 this implies M(D) ^ M(0, l)® dimD . □ 

5 The Minuscule Case 

We retain the notation from Section ^ In particular G is a reductive group and {//} is 
a conjugacy class of cocharacters of G. We make the following assumption on the pair 
(G,M): 

There exists a faithful Q p -rational representation V of G (5-1) 
such that all the weights of {/i} on V are or —1. 

If moreover G possesses no proper normal subgroup defined over Q p containing the 
image of {/i}, Serre |30| Lemma 3.2.5] has shown that for every simple factor of G there 
is an element fi in {fi} which is a minuscule coweight of that factor. Moreover any simple 
factor of G is of type A, B, C or D. Conversely if G is simple and of type A, B, C or D and 
[i is a minuscule coweight of G then condition (|5.1[) is satisfied. Namely one can take V 
to be the contragredient of the standard representation (A), the spin representation (B), 
the standard representation (C), or respectively the standard representation or a half-spin 
representation (D). 

Assume now that (G, {//}) satisfies condition (|5.1j) and let G' = GL(V). Then G is 
a closed subgroup of G' . This defines a closed embedding T =— > J 7 ' := FlagiV) into the 
flag variety from (|1.2[) . Here J-lag(V) is actually a Grassmannian. Let b € G{Kq) and 
view it as an element of G'(Kq). We obtain a closed embedding of .E-analytic period 
spaces T™ a <— > JF' b wa . We denote by .F an the E'-analytic space associated with T ®e E; see 
Appendix E| 

Let // £ ^" an be an analytic point. Let K = TC(fi) and let C be the completion of an 
algebraic closure of K. Let D := (VK ,b-(p, Fil'Djc). In particular FU~ 1 Dk = Dk and 

Fil l D K = (0). So we let := M^) be the ^-module over Bj ig (C) from Definitional 
We define 

■= { n e jr^n analytic points : M(0, l)® d } . (5.2) 

If b' = gbip(g^ 1 ) for some g € G(Kq) one easily checks that i— ► g~ 1 fJ-g maps Ti isomor- 
phically onto If t N (D_^ ± t H (D^ = dim V - dirsx K Fil°D K the sets T^ a and 7$ are 
empty. So from now on we assume t^{D_^) = tniH^) for all fj, G ^" an . 

Proposition 5.1. T/ie set ^ is contained in . 

Proof. Let fi € J-j? be an analytic point and set K = TC(n). Let D' C D be a c^/5-stable 
Ko-subspace and let Fil^D^ := D' K n Fil^D K . We have to show that < ijv(£>') 

for the subobject .D' = (D',(pd\d' ,Fil m ^D' K ) C -D^ with equality if FS = FJ^. Consider the 
y>submodule M' := M(£>') C MQ"^). Then rkM'-wtM' = degM' = t N {D') -t H (D') by 
Theorem IQ1 Since fi E 7% we have M(£> M ) 9* M(0, l)© dimD and hence t H [D^ = t N {D^). 
Moreover, wtM' > wtM(I) ) = by Proposition 13.91 proving our claim. □ 
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Theorem 5.2. The set J-? is an open E-analytic subspace of f &Xi . If b is decent with the 
integer s then f b has a natural structure of open E s - analytic subspace of (J 7 ®e E s ) an from 
which it arises by base change to E. 

We immediately deduce the following 

Corollary 5.3. The open immersion J-? C J-^ a induces an etale morphism of rigid analytic 
spaces (T^y ig — > (^ ,a ) ri § which is bijective on rigid analytic points. It is an isomorphism 
if and only if 7° = . 

Proof. The functor ( ) ng takes etale morphisms to etale morphisms. The fact that the mor- 
phism of rigid analytic spaces is bijective on rigid analytic points (the ones with residue field 
finite over E) follows from the Colmez- Fontaine Theorem j!2j . The rest is a consequence 
of Theorem I A. 21 since £? and T b a are paracompact by Lemma IA.3I □ 

Proof of Theorem A5.°A (a) Consider the faithful representation V from (|5.1|) and let G' = 
GL(V). This defines a closed embedding T T' := Tlag{V) ®q E into the flag variety 
from (|1.2|) . Here Tlag(V) is a Grassmannian isomorphic to G' / S' where S' = Stabc(Vb) 
is the stabilizer of an appropriate subspace Vo of V. By definition f b = T w n T' h a . So it 
suffices to prove the theorem for G' instead of G. Since G' is connected we may assume by 
[2*5] that b is decent, say with integer s. We let ^ an := [T' ®e E s ) an and define the subset 
J-^ a C ^ an by the same condition as in "5.2)1 . We show that it is open. Choose an integer 
e > (dim V) — 1 which is a multiple of s. Then by Proposition 14.61 the set J-' s an \ J-' b a equals 

| \i € J-g n analytic points : there exists an algebraically closed complete 
extension C of H(/J,) and an element x € H° e ([e]»Dp (g) M(l, 1)), x / 
with 9{<pS(xj) e (Fil°V n{ll) ) ® H{ll) C for all m = 0, . . . , e - 1 }. 

Here [e]*D c is the ^-module (D,<p e d ) ® Ko ^ ig (C) over B r f ig (C). 

(b) We identify V <g)Q p A^, with affine d-space over E s . For r\ G E s consider the 
^-analytic polydisc B{rj) de = M(E S (^ : i = 1, . . . , d; m = 0, . . . , e - 1)) C (A|j e with 
radii (|?7|, . . . , \rj\). We will construct in (c) below a constant r] G E s and a compact subset 
Z of D(ry) de with the following property: If C is an algebraically closed complete extension 
of E s and x G H° e ([e]*Dc <8> M(l, 1)) with then for some integer N 

is a C valued point of Z and Z consists precisely of those points. 

Now let G' s an be the ^-analytic space associated with the group scheme G' <8>q p E s and 
consider the morphism of .Es-analytic spaces 

0: G'r*EMri) de — (Al) e = (V ® Qp A E J 

(s ,(h m )mlo) 1 — ► (g~ l h m ) e ~ =0 ■ 

Let Y be the closed subset of G" s an x £ s D(ry) de defined by the condition that (/im)^=o belongs 
to Z and that (3{Y) C (T/ <g) Qp A^J e . Further more consider the projection map 

pn : G^ an Xfi.Bfa)* — » G' s an 
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onto the first factor and the canonical map 7 : G^ an — > J^ an coming from the isomorphism 
g'J Stab G / (F ). Then /i G ^ an does not belong to T' h a if and only if /x G 7 o pn(Y). 
Since B(r/) de is quasi-compact the projection pri is a proper map of topological Hausdorff 
spaces by Proposition 3.3.2]. Thus in particular it is closed and pr\(Y) is closed. Note 
that J-'g 3 * 1 carries the quotient topology under 7 since 7 is a smooth morphism of schemes, 
hence open by [51 Proposition 3.5.8 and Corollary 3.7.4]. Since by construction pr\(Y) = 
7 _1 (7 opn(y)) we conclude that T'^ 1 = J-'g 331 s 7 opn(Y) is open in J-' s an as desired. 

(c) It remains to construct the compact set Z. Since b is decent, the (£>-module 
[e]*D (g> M(l, 1) is isomorphic to ®, =1 M(— a, 1) for suitable integers Cj. We assume that 
the identification of V (8>(Q p A^ with in (b) was chosen compatible with this direct sum 
decomposition. Let ci,...,Cfc > = c^+i = ... = q > q+i, . . . , C4. Then by Proposi- 
tion ESI 

k Cj-1 

H° e ([e]*D®M(l,l)) ©{^P^^^'^^ki]) : «ii € E, v E ( % ) > ] 

i=i vez j=o 
i 

© ^(^)[|] © 

i=k+l 
d 

© 0(0) • 

i=£+l 

For l<i<k,0<j<Ci — 1 consider the compact sets 

E#> := = {\u^\<\p\} and 

l#> := M(E s (uff)) = {|t#>|<l}. 

Then the sets 

Ua := { (uff) n&0 £[1^: (4 +1) ) P = u ff fOT ^11 n > } and 

neN 

fc Cj-1 £ d 

u ■= n n ^ x n x n w 

i=l j=o i=fc+l i=£fl 

are compact by Tychonoff's theorem. For an arbitrary algebraically closed extension C of 
E s consider a C-valued point u of U given by 

((( u ij^)™eNo) i=lr .. i& . i=0) ... )Cj -i , (ai)i=k+i,...,e , (0)i=i+l,...,dj 

with n^ 1 G C and aj G W(F p e). We assign to u the C-valued point y of A^ with {h m )^l = 

(^(VdOe)))^^ where x is the element of H° e ([e]*D ® M(l, 1)) associated with the u^ 1 
and ctj. In concrete terms this means 

j=0 ;/>0 ^<0 ' 1=1 

(* m (*))Un 

(O)t^i 



6- <p{b)-- -<p m -\b) 
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for m = 0, . . . , e— 1. This defines a map a : U —> A* , it i— > y of topological Hausdorff spaces. 
We claim that a is continuous. By definition of the topology on A^f (see Appendix IXjl the 
map a is continuous if and only if for any polynomial / G E s [hi m '■ i = 1, ■ ■ ■ ,d, m = 
0, . . . , e — 1] and any open interval I C R the preimage under a of the open set 

{yeA%: |/|,6/} 



VP 



is open in U. Since | u < \p\ there is a constant rj E E s such that |/&imU(u) < \v\ f° r an * 
and m and all « G U. Write / = Y^ n bnhr where bn G E s for every multi index n G Ng e . If 
we set hi m = h' im + h" we obtain from the Taylor expansion of / in powers of h a bound 
5 such that the condition \h" im \ y < 5 for all i,m implies 

\f(h)\ y G I and \h\ y < |r/| <*=> l/^Ola £ / and 1^ < \rj\ . 

Now we fix a positive integer r and set for all m = 0, . . . , e — 1 



b • • • • V" 1 ^ (6) 















(0)i 


=fe+i 


(0)f = 


=£+1 



i=l 



and 



a— l 



&^(6)---^-» 



(E^'E^>S r) ) 



^^,( e o^p m+(r -" )eN i fc 



j'=0 i/<r 



i=l 



=fc+l 



V 



(o) d 



1=1+1 



(n) i 

Since \u^j \ u < 1 for any n,i,j and for any point u G U we can find a large enough integer 
r such that \h" m \ a ^ u -j < 5 for all i,m and for all u G J7. This shows that 

a" 1 (W) = W := {ueU: \f{h' im )\ a{u) G J } . 

To prove that W' is open in [/ observe that the map 



'-■■v ■■= nnV* n ^. 

i=l j=0 i=fc+l 



(ft 



im)i=l 



is a morphism of .E^-analytic spaces, and in particular continuous. Furthermore, the pro- 
jection maps ccij : Uy —>■ t/y and the inclusion 



on: W(¥ pS ) 



A ( , 



M(E S [T , . . . ,T e ^]) 



for i = k + 1, . . . , £ are continuous. Since 



a 



k cj-i e 

n n a v x n ° 

i=l j=o i=k+l 



(ad x ... x q4_!) 



-i 



A' 



de 
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maps u to a'(u) = (h' m )^_ the set W = (a') (W) is open in U and this proves that a is 
continuous. 

Now multiplying (hi m )i >m with p amounts to replacing uf^ by for j = 1, . . . , a — 1, 

and u^q by (u J -™^._ 1 ) pe , and a, by pctj. Thus we may take 

Z := a([/\{«e[/: < \pf , a, G pW(¥ p e) for all » and j 



Then Z is the continuous image of a compact set and satisfies the property required in (b). 
This proves the theorem. □ 

We give an example showing that the inclusion T% C T™ a may be strict. Similar 
examples were independently obtained by V. Lafforgue. 

Example 5.4. Let G = GL^Qp) and consider the conjugacy class {//} of cocharacters con- 
taining fi : G m — > G , z \— > diag(# , z , z , 1,1). We have E = Q p and T = Grass(2, 5) 
the Grassmannian. Let 



G G(K ). 



( 











p 3 \ 


1 

















1 

















1 








V o 








1 


o / 



The element b is decent with integer s = 5. We take E s = W(¥ p 5)[^]. Since the isocrystal 
(VK Q ,b-ip) is simple every cocharacter in {//} is weakly admissible, that is T™ a = . 

Let [i G and let C be the completion of an algebraic closure of The (^-module 

M = M(Vftr , b-(p, Fil* V^(^)) constructed from 6 and satisfies degM = and 



D 



M(-3,5) D M d tB = D®M(1,1) 



M(2,5) 



where D = (Vk , b-ip) (8>k bJ ; (C). Since by Proposition 13.51 the weight of every summand 



of M lies between -3/5 and 2/5, either M M(0, l)® 5 or M ^ M(-l, 2) © M(l, 3). (The 
first entries must sum to = degM and the second entries must sum to 5 = rkM.) The 
bad situation M = M(-l, 2) © M(l, 3) occurs if and only if 

(0) ^ Honv(M(-l,2),M) = { / G Hom,(M(-l,2),D) : 0(im /) C Fil°V H{ll) } . 

One easily checks that Hom^ (M(-l, 2), M(-3, 5)) = 



A 



( ip 5 (x) x \ 

f (x) ip e (x) 

Lf l7 (x) (f 12 (x) 

<p 23 (x) tp 18 (x) 

V <p 29 {x) if 24 {x) j 



X 



J2p u <p~ Wv (M) e H° 10 (M(1,1)) 



u G E(C), < ve(u) < oo 



Thus the points \i G Tf 1 for which the columns of 0(A) span Fil^V-j^^ do not belong to 
T% and such points exist! This proves that the inclusion J-? C T™ a is strict. 

Remark 5.5. The example can easily be adapted to the general situation showing that 
only in rare cases Ti will equal J-™ a . Moreover, the question whether the two sets are equal 
depends largely on the combinatorics of the weights. 
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6 Relation with Period Morphisms 

Rapoport and Zink also study a period morphism ir : A4 an — * J-™ a . This is constructed 
as follows. Let G = GL{V) for a finite dimensional Q p -vector space V. Let J- be the 
Grassmanian over Kq of d-dimensional subspaces of Vk - Let b G G{Kq) and (D,(po) = 
(Vk q , b-ip). Assume that there exists a p-divisible group X over F p lg of dimension d whose 
covariant Dieudonne isocrystal is (D,(pjj); see Messing [27j. Thus tj^(D,(fD) = dimV — d. 
Let Milp w be the category of W := VF(F p lg )-schemes on which p is locally nilpotent. For 
S G Milp w denote by S the closed subscheme defined by the ideal pOs- The contravariant 
functor Nilp w — > Sets 

S i — > | Isomorphism classes of (X, p : X<j — > X§) where 
X is a p-divisible group over S and 
p is a quasi-isogeny over 5 j 

is representable by a formal scheme «M locally formally of finite type over Spf W by |281 
Theorem 2.16]. Rapoport and Zink also study formal moduli schemes corresponding to 
additional data on (X, p) of type EL and PEL. Their period morphisms are derived from 
the following prototype. 

Let (X, p : X^j- — > Xjj) be the universal p-divisible group with quasi-isogeny over 
M. Let B(X)m be the Lie algebra of the universal vector extension of X over M (see 
Messing |57] ) and let .M an be the Ko-analytic space associated with M.; see Theorem IA.2I 
The quasi-isogeny p induces an isomorphism 

see |281 Proposition 5.15]. The kernel of the morphism 

VKo ®Kq C» an K H(X)j\^B.n > (LieX)_A^an 

defines an 7W an -valued point of the Grassmannian J- 311 . This is the desired period morphism 

n . ^an _^ ^an j t f actors through J^ a . 

Proposition 6.1. The period morphism factors through J-?. 

Proof. Let x G M aTL be an analytic point and let p = 7r(x) G jF an . Let -K" = 
and let C be the completion of an algebraic closure of K. Let X x be the fiber of the 
universal p-divisible group X at x and consider the Tate module T p X x of X x . An element 
A G T p X x corresponds to a morphism of p-divisible groups A : Q p /Z p — > Xo c over Oc- By 
functoriality of the universal vector extension this yields the following diagram of C-vector 
spaces 

-D(Q P /Z P ) C ^^B(Q P /Z P ) C -0 (6.1) 

D(A) C 

" 

(FU^Dk) ® k C »- D ® Ko C »- (Lie X x ) c »- . 

Note that Lie Q p /Z p = (0) and that FU^ Dk is the -RT-subspace of Dk associated with X x via 
the period morphism. We also obtain a morphism of crystals D(A) : D(Q P /Z P ) — > U)(Xo c ) 
which we evaluate on the pd-thickening B+ is (C) of Oc- Since D(Q p /Z p ) B + , c , = B+ is (C) 
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(because the universal vector extension of Q p /Z p over B^ is (C) is obtained from the sequence 
— ► Z p — > Q p — > Qp/Zp — > by pushout via Z p — ► B+ is (C)) we obtain a morphism 

IJ,X. ® Zp B+ ris (C) - VWb+.M ^ D® Ko B+ i8 (C). 

A <g> a I »- D(A)(a) 

Here the isomorphism on the right arises from the quasi-isogeny p x by the same reasoning as 
in |28l Proposition 5.15]. By Faltings' |13l Theorem 7] the morphism on the left is injective. 
Since the elements of T p X x are (/j-invariant inside T p X x B^ is (C) and B^ g (C) equals 
PlneNo ^ nB c!ris(C) we Set a monomorphism 

T P X X ® Zp B+(C) < D® Ko B+ g (C). 

It gives rise to a monomorphism 

T P X X r^^BlM^) DS^B^CC) 

A i A ® 1 i ©(A)(1) 

since B^^C) is aflat B+ g (C)-algebra. Consider the morphism 6 : D(S) Ko & '^ — ► D<g> Ko C. 
Diagram (jnij) shows that #(TpX,) C (Fil°D K ) ® K C and so TpX, ® Zp B] ig (C) is in fact 
contained in M M := M(D,ip D ,Fil°^D K ) bv PropositionOl But then M M S M(0, 1)® dimV . 
Namely, assume M M = • M(cj, dj) with ci > (note that Cj = 0). Since the elements 
of TpXc are 99-invariant and H° (M(ci,di)) = (0) by Proposition 13.51 the projection 

T p X x ® Zp B] ig (C) — > M( Cl ,dx) 

is zero. Thus TpXj (g>z p Bj ig (C) J>1 M(cj, (ij) but this is impossible since we have 
rkz p TpXj; = dim!/ > rk0 ■ >1 M(cj, dj). This proves the proposition. □ 

The problem to determine the image of the period morphism ir was first mentioned by 
Grothendieck JH]- We conjecture that this image is j^ff, see below. 

7 Conjectures 

Inspired by the analogous theory in equal characteristic (see Hartl |21| ) we expect the 
following to be true. 

Conjecture 7.1. The set J 7 ^ is the unique largest open E -analytic subspace of T™ a on 
which the tensor functor from Repq p G to Q p - Loc ^ a with property exists. 

Remark 7.2. From the definition of local systems the following is immediate: If Ui is a 
collection of open E'-analytic subspaces of T™ a , Vi are local systems of Q p -vector spaces on 

Ui, and fij : V^u^Uj ► Vj\xJiPXJj ar e isomorphisms which satisfy the cocycle condition on 

triple intersections, then there exists a unique local system V on [j i U with V\i/i — Vi- Thus 
the existence of a unique largest open E'-analytic subspace of f™ a as in Conjecture 17.11 is 
evident. This subset may be empty, though. 
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Remark 7.3. The conjecture that this open subspace is contained in Ti is supported by the 
following results of Andreatta and Brinon ^Hj. Consider an affinoid subset U of T™ a which 
possesses an affine formal model Spf R which is etale over Spf W (Fp lg ) (Ti , Tf 1 , . . . , Td, T7 1 ). 
Assume there exists a tensor functor from Repq, p G to Op- Loc ^ with property (|1.4j) . By 
Proposition 11,41 this corresponds to a representation m(U,x) — > G. Choose a faithful rep- 
resentation V € RepQ p G and consider the induced representation py : iti(U,x) — > GL(V). 
Assume that py stabilizes a Z p -lattice in V . Then by ^ Theorem 7.11] py corresponds 
to an etale (</?, r)-module M over A^j which is overconvergent by |2_. If p € U is an ana- 
lytic point and C is the completion of an algebraic closure of 1~i{p) the fiber ® B(C) 
at x is therefore of the form ®gt(c) ^H^) - ^y ^> Proposition 5.5.1] the (/^-module 
Mj ®Bt(f7) Bj ig (C) over Bj. g (C) is isomorphic to M(0, 1)® dimV . Due to {E1J) we have 
M m ®Bt(c) ^Iig( C ') - M (Vka,l>-<P, FU'Vhq^). Thus CJ must be contained in jfy. 

Remark 7.4. In the analogous situation in equal characteristic on can in fact construct 
the ^-module M(Vk" , b-ip, Fil* V^^) not just fiber-wise but as a (/^-module on all of T an . 

Globally over T£ this (,2-module descends from "Bj ig " to an etale (^-module over "B^", see 

|21| Corollary 3.2.3]. The later gives rise to a local system on Ti, see \L\\ Theorem 3.4.2]. 
The reason why this can be proved in equal characteristic whereas it is as yet out of reach 
in mixed characteristic lies in the limitations of the theory of the field of norms in mixed 
characteristic. This theory is supposed to relate finite etale coverings of R[^\ to finite etale 
coverings of E/j. So far it works in mixed characteristic only for rings R as in Bemark 17.31 
see ^ El El US- in contrast the equal characteristic analogues of and coincide 
and so the theory of the field of norms is trivial in equal characteristic. 

Conjecture 7.5. The set Ti is the image of the period morphism viewed as a morphism of 
E-analytic spaces. The rational Tate module of the universal p-divisible group on A4 an is a 
local system of Q> p -vector spaces on Ti and A4 is identified with the etale covering space of 
Ti of Zp-lattices inside this local system. The local system gives rise to the desired tensor 
functor from Conjecture \1. 6 A 

Remark 7.6. This was shown to be true by de Jong [J22, Proposition 7.2] in the Lubin-Tate 
situation where T% = f^ a = T &n . 

Remark 7.7. In equal characteristic the etale c/?-module over "BT" mentioned in Re- 
mark 17.41 even allows to construct the analogue of a p-divisible group on the etale covering 
space of lattices inside the local system on Ti, see [211 Theorem 3.4.3]. This etale covering 
space is isomorphic to the analogue of Ai^. 

Remark 7.8. We expect that in the situation of Remark l7.3l the representation py is "crys- 
talline" and induces a Dieudonne crystal over Spec R/pR. By |231 Main Theorem 1] one 
could then associate a p-divisible group over Spec R/pR with this Dieudonne crystal. The 
filtration Fil* over A^(i2[-]) determines a unique lift to a p-divisible group over ,M(-R[-]). 

Thus the inclusion M(R[^]) C Tjf factors through a map M(R[^]) — > A4 an . 

A Berkovich's Analytic Spaces 

Let Ol be a complete valuation ring of rank one which is an extension of Z p and let L be 
its fraction field. We briefly recall Berkovich's El theory of L-analytic spaces. Let B 
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be an affinoid L-algebra in the sense of [SJ Chapter 6] with L-Banach norm | . |. Berkovich 
calls these algebras strictly L- affinoid. 

Definition A.l. An analytic point x of B is a. semi-norm | . \ x '. B — > -^>o which satisfies: 
(a) \f + g\ x <max{\f\ x ,\g\ x } for all f,g £ B, 
0) \fg\x = \ f\ x \g\x for all f,g€B, 

(c) |A|ac = |A| for all A G L, 

(d) | . \ x : B — > M>o is continuous with respect to the norm | . | on B. 

The set of all analytic points of B is denoted A4(B). On A4(B) one considers the coarsest 
topology such that for every / G B the map M(B) — > M>o given by x i— ► is continuous. 
Equipped with this topology, A4(B) is a compact Hausdorff space; see [SJ Theorem 1.2.1]. 
Such a space is called a strictly L-affinoid space. 

Every morphism a : B — ► £?' of affinoid L-algebras is automatically continuous and 
hence induces a continuous morphism A4(a) : M(B') — > A4(B) by mapping the semi-norm 
L?' — > M>o to the composition 5 — ► 5' — > M>o- By definition the 7V4(a) are the morphisms 
in the category of strictly L-affinoid spaces. In particular, for an affinoid subdomain Sp B' C 
SpL? this morphism identifies Ad(B') with a closed subset of A4(B). 

For every analytic point x G ^(.B) we let ker | . ^ := { 6 G B : = }. It is a prime 
ideal in B. We define the (complete) residue field of x as the completion with respect to | . \ x 
of the fraction field of 5/ker | . \ x . It will be denoted TL{x). There is a natural continuous 
homomorphism B — > 7i(x) of -L-algebras. Conversely let be a complete extension of L, by 
which we mean a field extension of L equipped with an absolute value | . | : K — > IR>o which 
restricts on L to the norm of L such that IT is complete with respect to | . | . Any continuous 
L-algebra homomorphism B — > K defines on B a semi-norm which is an analytic point. 

In P| §1-2] Berkovich defines the category of strictly L-analytic spaces. These spaces 
are topological spaces which admit an atlas with strictly L-affinoid charts. 

The spaces A4(B) for affinoid L-algebras B are examples for strictly L-analytic spaces. 
Other examples arise from schemes Y which are locally of finite type over L, see jSJ §3.4]. 
Namely if Y = is affine re-space over L the associated strictly L-analytic space Y an = 
(A2) an consists of all semi-norms on the polynomial ring L[yi, . . . ,y n ] as in Definition lA.il 
(a) - (c). The topology on (AJ) 3,11 is the coarsest topology such that for all / G L[yi, . . . ,y n ] 
the map (A^) an — > M>o,x i— > \f\ x is continuous. The space (A^) 3,11 is the union of the 
increasing sequence of compact polydiscs A4(L(p m yi, . . . ,p m y n )) of radii (p m , . . . ,p m ) for 
m G No- If Y C A^ is a closed subscheme of affine re-space with coherent ideal sheaf J , the 
ideal sheaf J'O^njtm defines a closed strictly L-analytic subspace Y an of (A^) an . Finally, 
if Y is arbitrary and {Yi}i is a covering of Y by affine open subschemes then one can glue 
the associated strictly L-affinoid spaces l^ an to the L-analytic space Y an . Moreover Y an is 
Hausdorff if and only if the scheme Y is separated, see [SI Theorems 3.4.1 and 3.4.8]. 

The relation between strictly L-analytic spaces, rigid analytic spaces, and formal schemes 
is as follows. To every strictly L-analytic space X which is Hausdorff one can associate a 
quasi-separated rigid analytic space 

X rig := { x G X : TL{x) is a finite extension of L }, 
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see jHl §1.6]. Recall that a rigid analytic space is called quasi- separated if the intersection 
of any two affinoid subdomains is a finite union of affinoid subdomains. To describe the 
subcategories on which the functor X \—> X Tlg is an equivalence we need the following 
terminology. A topological Hausdorff space is called paracompact if every open covering 
{Ui}i has a locally finite refinement {Vj}j, where locally finite means that every point has 
a neighborhood which meets only finitely many of the Vj. On the other hand an admissible 
covering of a rigid analytic space is said to be of finite type if every member of the covering 
meets only finitely many of the other members. A rigid analytic space over L is called 
quasi-paracompact if it possesses an admissible affinoid covering of finite type. Similarly we 
define the notions of finite type and quasi-paracompact also for (an open covering of) an 
admissible formal O^-scheme in the sense of Raynaud see also (§]. 

Theorem A. 2. The following three categories are equivalent: 

(a) the category of paracompact strictly L-analytic spaces, 

(b) the category of quasi- separated quasi-paracompact rigid analytic spaces over L, and 

(c) the category of quasi-paracompact admissible formal Oi-schemes, localized by admis- 
sible formal blowing-ups. 

Proof. It is shown in [HI Theorem 1.6.1] that X \— > A ng is an equivalence between (a) and 
(b). The equivalence of (c) with (b) is due to Raynaud. See [7J Theorem 2.8/3] for a 
proof. □ 

Regarding paracompactness the following result was proved in |21[ LemmaA.2.5]. 

Lemma A. 3. Let L be discretely valued with countable residue field and let X be a strictly 
L-analytic space. Assume that X is Hausdorff and admits a countable covering by strictly 
L-analytic spaces. Then every open subset of X is a paracompact strictly L-analytic space. 

This applies in particular if X = Y 3,11 for a separated scheme Y of finite type over L. 
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